Abstract. In this paper we study the kernel of a non-zero locally nilpotent R-derivation of the polynomial ring R[X, Y ] over a noetherian integral domain R containing a field of characteristic zero. We show that if R is normal then the kernel has a graded R-algebra structure isomorphic to the symbolic Rees algebra of an unmixed ideal of height one in R, and, conversely, the symbolic Rees algebra of any unmixed height one ideal in R can be embedded in R[X, Y ] as the kernel of a locally nilpotent R-derivation of R[X, Y ]. We also give a necessary and sufficient criterion for the kernel to be a polynomial ring in general.
Introduction
Locally nilpotent R-derivations of the polynomial ring R [X, Y ] , where R is a U.F.D. containing a field of characteristic zero, have been studied recently by Daigle-Freudenburg in ([D-F] ). In this situation the kernel of a non-zero locally nilpotent R-derivation of R [X, Y ] is a polynomial ring in one variable over R ([D-F], 2.1). In our paper we first investigate locally nilpotent R-derivations of R [X, Y ] over a noetherian normal domain R containing a field of characteristic zero. We first describe the structure of the kernel of such derivations as a graded R-algebra. We prove :
Theorem 3.5. Let R be a noetherian normal domain containing a field of characteristc zero and let D be a non-zero locally nilpotent R-derivation of the polynomial ring R[X, Y ] with kernel A. Then A has the structure of a graded ring n≥0
A n with A 0 = R and A n a finite reflexive R-module of rank one for every n. In fact, when R is not a field, there exists an ideal I in R of unmixed height one such that A is isomorphic to the symbolic Rees algebra n≥0
I
(n) T n as a graded R-algebra.
Conversely, let R be as above and let I be any ideal of unmixed height one in R.

Then there exists a non-zero locally nilpotent R-derivation of R[X, Y ] whose kernel is isomorphic to the symbolic Rees algebra n≥0
I
In fact we show (Proposition 3.3) that when R is a noetherian normal domain, any inert subring of R [X, Y ] of transcendence degree one over R has the graded R-algebra structure described above. The crucial step in the proof of this result is a patching lemma (3.1).
The converse part of Theorem 3.5 would show (see 3.6) that the kernel of a locally nilpotent R-derivation of R [X, Y ] need not be finitely generated over R even when R is normal. We discuss the question of finite generation of the kernel and its connection with the class group of R (3.7 and 3.8). We also give an example (3.11) to show that Theorem 3.5 is not valid if R is not normal.
In ( In general, when R is not a U.F.D., the kernel need not be a polynomial ring over R (in fact it need not be finitely generated over R), even when R is normal, as Theorem 3.5 (quoted above) shows.
In Section 4 of our paper we generalise the result ([D-F], 2.1) in another direction -we give a necessary and sufficient condition for the kernel to be a polynomial ring in one variable over R where R is any noetherian domain containing a field of characteristic zero. We prove :
Theorem 4.7. Let R be a noetherian domain containing a field of characteristic zero and let D be a non-zero irreducible locally nilpotent R-derivation of the polynomial ring R[X, Y ]. Then the kernel A of D is a polynomial ring in one variable over R if and only if DX and DY either form a regular R[X, Y ]-sequence or are comaximal in R[X, Y ]. Moreover if DX and DY are comaximal in R[X, Y ], then R[X, Y ] is a polynomial ring in one variable over A.
A crucial step in the proof of Theorem 4.7 is Proposition 4.5, which gives a necessary and sufficient condition for a singly generated R-subalgebra of R [X, Y ] to be an inert subring of R [X, Y ] .
We also show (Proposition 4.11) that in the situation of Theorem 3.5 all locally nilpotent A-derivations of R [X, Y ] has a graded A-module structure.
In Section 2 we set up notations and quote the results which we use. In Section 3 we investigate in detail the case of noetherian normal domains and in Section 4 we discuss results over general noetherian domains.
Preliminaries
In this section we first set up the notations, define some of the terms used in the paper and recall their well-known properties. Finally we quote the results which will be used in the paper.
Notations. Throughout the paper we will assume our rings to be commutative. For a ring R, R * will denote the multiplicative group of units of R. For a prime ideal P of R, k(P ) denotes the field R P /P R P . The notation A = R [n] will mean that A is a polynomial ring in n variables over R. For an element F ∈ R[X 1 , · · · , X n ](= R [n] ), F Xi denotes the partial derivative of F with respect to X i .
Definitions. Let R be an integral domain with quotient field
[n−1] and a
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Let B be an integral domain. A derivation D of B is said to be locally nilpotent if for each b ∈ B, there exists a positive integer n (n may depend on b) such that For an ideal I in a noetherian domain R, let Ass R (R/I) = {P 1 , · · · , P r } and S = R \ ( 1≤i≤r P i ). Then the n-th symbolic power I (n) of I is defined to be the
. We now quote the results to be used.
Lemma 2.1. For a non-zero element a in a noetherian domain R and a multiplicatively closed subset T of R the n-th symbolic power of the ideal
Proof. We may assume I is a proper ideal of R.
Conversely let x ∈ I (n) . Then there exists s ∈ S such that sx ∈ I n (⊆ R∩a n T −1 R). Since Ass R (R/a n R) = Ass R (R/aR), we have
Now let a n T −1 R = Q 1 ∩· · ·∩Q r be a primary decomposition with Q i being T −1 P iprimary. Now sx ∈ Q i ∀i but s / ∈ T −1 P i for any 1 ≤ i ≤ r. Therefore x ∈ Q i for every 1 ≤ i ≤ r, and hence x ∈ R ∩ a n T −1 R. Hence the result.
Lemma 2.2. Let R be a noetherian local ring such that depth R ≥ 2 and I an ideal in R such that depth (R/I) ≥ 1. Then depth R I ≥ 2.
Proof. Let k be the residue field of R. By our assumptions Hom (k, R), Ext 1 (k, R) and Hom (k, R/I) are all zero modules. Hence from the exact sequence We now quote a relevant portion of a result of Rentschler ([Rn] ). An alternative proof is also given in ([D-F], 1.2).
Theorem 2.6. If K is a field of characteristic zero and D a non-zero, locally nilpo
The following result has been proved by Abhyankar-Eakin-Heinzer ([A-E-H] Proof. For every maximal ideal P of R, A P = R P
[1] by (2.8). Now by (2.5), A is finitely generated over R and hence, applying 2.9, A ∼ = Sym R (M ), where M is obviously a finitely generated projective R-module of rank one and hence isomorphic to an invertible ideal of R.
The following criterion of Russell-Sathaye follows from ([R-S], 2.3.1).
Theorem 2.11. Let R be an integral domain and A a finitely generated overdomain of R. Suppose that there exists an element π in R which is prime in
The following result occurs in ([B-D], 3.2).
Theorem 2.12. Let R be a noetherian domain such that either R contains a field of characteristic zero or R is seminormal. Then an element F in R[X, Y ] (= R [2] ) is a variable if and only if it is a residual variable.
Locally Nilpotent Derivations over Normal Noetherian Domains
In this section we investigate in detail the kernel of locally nilpotent R-derivations of R [X, Y ] where R is a noetherian normal domain containing a field of characteristic zero. The main result is Theorem 3.5, where we give a precise description of the structure of the kernel of such derivations.
We first prove a patching lemma.
Lemma 3.1. Let R be a noetherian domain and A an overdomain of R such that
Suppose that there exist non-zero elements x, y ∈ R satisfying the conditions:
Then A has a graded ring structure n≥0 A n with A 0 = R and A n a finite type reflexive R-module for all n. In fact A is isomorphic as a graded R-algebra to the symbolic Rees algebra
, it is easy to see that
it follows that
Thus A is a graded R-algebra
as R-modules for every n, which will show in particular that each A n is a finite
, and we are through. So we may assume that aR y is a proper ideal and let
Then I y = aR y , and hence I is an ideal of height one.
We now show that for every n,
where b ∈ R y and c = a
by (2.1). Conversely if c ∈ I (n) , then by (2.1), c = a
Using the above isomorphism we now check that A n is a reflexive R-module for every n. Since A 0 = R is obviously reflexive we assume that n ≥ 1. Let P ∈ Spec R.
If at least one of the elements x, y does not belong to P then by condition (ii) or (iii) it follows easily that A nP is a free R P -module; in particular, A nP is reflexive and depth A nP = depth R P .
If both x, y ∈ P , then by hypothesis, they form an R-sequence so that depth R P ≥ 2. It follows that in this situation P R P cannot be an associated prime ideal of R P /a n R P and hence
2), it follows that depth A nP ≥ 2. Thus we see that depth A nP ≥ 2 whenever depth R P ≥ 2 (irrespective of whether x, y ∈ P or not). On the other hand if depth R P ≤ 1, then at least one of x, y does not belong to P , and in this case A nP is seen to be reflexive. Therefore by (2.3), A n is reflexive. Now consider the injective map
is precisely the symbolic Rees algebra
As a consequence of Lemma 3.1, we now give a description of the graded Ralgebra structure of an inert subring of the polynomial ring R[X 1 , · · · , X m ] of transcendence degree one over R, when R is a noetherian normal domain. 
Proposition 3.3. Let R be a noetherian normal domain and A an R-algebra which is an inert subring of
Therefore by (3.1), it is enough to show that there exist elements x, y ∈ R which form an R-sequence such that
by (2.5), there exists an element t ∈ T such that A[1/t] is finitely generated. From this and the fact that
it follows easily that there exists x ∈ T such that
If x ∈ R * , then clearly A = R [1] and all the statements in the theorem follow trivially. So hence onward we assume that xR is a proper ideal in R. Let
. By (2.5) there exists s ∈ S such that A[1/s] is finitely generated over R. Hence from the above equation it follows easily that there exists y ∈ S such that
By construction the pair x, y form a regular sequence in R. We now show that
As x, y form a regular sequence in R and hence in
This completes the proof.
Remark 3.4. Let I be an ideal of unmixed height one in a noetherian normal domain R. Then I has a primary decomposition of the form I = P (R) . Now a routine verification shows that for any two unmixed ideals I and J of height one in R, the following statements are equivalent.
Thus in Proposition 3.3, given any inert subring A, the choice of I is unique up to its image in the class group (in the above sense). Since for a U.F.D., Cl (R) = 0, the above observation gives another way of explaining the result (2.8) and hence the result ([D-F], 2.1).
We now prove our main theorem on the structure of the kernel of a non-zero locally nilpotent R-derivation of R[X, Y ] over a normal domain R containing a field of characteristic zero. Proof. Since the kernel A is an inert subring of R[X, Y ] of transcendence degree one over R, the first part of the theorem follows from Proposition 3.3. We now prove the converse statement. Let Ass R (R/I) = {P 1 , · · · , P r } and S = R \ ( 1≤i≤r P i ). Then S −1 R is a P.I.D. and hence IS −1 R is principal. Therefore we can choose an element y ∈ S such that IR y is principal, say, IR y = aR y for some a ∈ I. By (2.1) it would follow that I (n) R y = a n R y ∀n ≥ 0. Therefore
and we are through (for instance we may consider the R-derivation D defined by DX = Y and DY = 0). So we assume y / ∈ R * . Let Ass R (R/yR) = {Q 1 , · · · , Q }. Since ht Q j = 1 ∀1 ≤ j ≤ and y / ∈ P i for any i, P i ⊆ Q j for any i, j and hence I ⊆ (
By construction x and y form an R-sequence, and since
where f = xT . Clearly g = (a/x)f and a ∈ R * xy . Moreover, since x ∈ I and I y = aR y , we have
Since x, y form a regular sequence in R and y is a non-zero divisor in R/I, it follows that c j ∈ y
. We shall show that the graded R-algebras B and A are isomorphic, which will complete the proof.
Note that D induces locally nilpotent derivations
and the transcendence degree of Note that if R is a locally factorial domain (for instance if R is regular) containing a field of characteristic zero, then by (2.10), the kernel A of a locally nilpotent Rderivation of R[X, Y ] is finitely generated over R. However, from Theorem 3.5 it follows that in general the kernel need not be finitely generated (even when R is normal), as the following example illustrates. Example 3.6. Let C be a non-singular elliptic curve in P 2 C defined by a homo-
Also note that since x, y form a regular R-sequence and A is an inert subring of R[X, Y ], we have (as in the proof of Proposition 3.3)
Then R is a two-dimensional normal local domain whose class group is not torsion. Therefore there exists a prime ideal P in R of height one such that P (n) is not a principal ideal (for each n ≥ 1). Hence the symbolic Rees algebra B = n≥0 P (n) T n is not finitely generated over R (for the proof see [R] or [C] ). Now by Theorem 3.5 there exists a locally nilpotent R-derivation of R [2] whose kernel is isomorphic to B and hence is not finitely generated over R.
However, in the situation of Theorem 3.5, if the group Cl (R)/P ic (R) is torsion, then for any unmixed height one ideal I of R, I
( ) would be an invertible ideal for some . Then it is easy to see that I (t ) = (I (l) ) t and hence
is finitely generated. Therefore by Theorem 3.5 we have
Corollary 3.7. Let R be a noetherian normal domain containing a field of characteristic zero such that the group Cl (R)/P ic (R) is torsion. Then the kernel of any locally nilpotent R-derivation of R[X, Y ] is finitely generated over R.
Using Theorem 3.5, we give below an example to show that the above condition is not necessary for the kernel of every locally nilpotent R-derivation of R[X, Y ] to be finitely generated over R.
Example 3.8. Let R = C[X, Y, Z, W ]/(XY − ZW ), P = (X, Z)R and Q = (X, W )R. Then it is well known that P ic (R) = 0 and Cl (R) = Z and is generated by [P ](= −[Q]).
Let B be the associated graded ring
. We first prove that φ is an isomorphism, which will show in particular that B is an integral domain. Let J be the ideal n≥1 (P n /P n+1 ) in B and let S be the multiplicatively closed subset R/P \ {0} in
B.
Then it is easy to see that
with S −1 J as a maximal ideal, showing that ht J = 1. Now since dim (R/P ) = 2, it follows that dim B = 3, and hence φ is an isomorphism.
Since B is an integral domain, a routine induction argument would show that P n is P -primary, i.e., P (n) = P n . Similarly one can check that Q (n) = Q n . Thus P n and Q n are unmixed ideals of height one in R with [
Now let I be an unmixed ideal of height one in R.
Thus by Theorem 3.5 the kernel of any non-zero locally nilpotent R-derivation of R [2] is R-isomorphic to the Rees algebra of an ideal I (of unmixed height one) in R, and hence is finitely generated over R.
Remark 3.9. Let R be a noetherian normal domain. The group Cl (R)/P ic (R) is torsion if and only if Cl (R M ) is torsion for all maximal ideals M of R.
Remark 3.10. In the above example dim R = 3. However if R is a noetherian normal domain of dim 2, then by a result of Cowsik ([C] ), Theorem 3.5 and 2.5 it would follow that the condition that Cl (R)/P ic (R) is torsion is indeed necessary for the kernel of every locally nilpotent R-derivation of R[X, Y ] to be finitely generated.
We now give an example to show that Proposition 3.3 and Theorem 3.5 are not valid if R is not normal. Note that if R is a one-dimensional noetherian domain, then the symbolic power I (n) of a non-zero ideal I in R obviously coincides with I n , and hence the symbolic Rees algebra n≥0 I (n) T n is finitely generated over R.
However the following example shows that when R is a one-dimensional noetherian domain (containing Q) then the kernel of a non-zero locally nilpotent R-derivation of R[X, Y ] need not be finitely generated if R is not normal; in particular, it need not be of the form
Example 3.11. Let R = R + (t)C[[t]]. R is a noetherian local domain with maximal ideal M = (t)C[[t]]. Let R be the normalisation C[[t]] of R. Define a locally nilpotent R-derivation D of R[X, Y ] by
It is easy to see that ker
with kernel A, and it is easy to see that
We now show that A is not even noetherian, and hence is not finitely generated over R. 
Locally Nilpotent Derivations over General Noetherian Domains
In this section we shall give a necessary and sufficient condition for the kernel of an irreducible locally nilpotent R-derivation of the polynomial ring R[X, Y ] to be R [1] (Theorem 4.7). The crucial step in the proof is Proposition 4.5. Before that we prove some lemmas.
To avoid the tedium of repetition we shall hence onwards assume that R denotes a noetherian domain containing a field of characteristic zero and K denotes the quotient field of R.
Lemma 4.1. For any
Since L is a perfect field, C is smooth and hence Ω C/L is a projective C-module of rank one ( [A-K] , pp. 159-162). Hence the exact sequence
splits. Now as Ω C/K is a free C-module of rank two with basis dX and dY and Im (σ) is generated by 
Proposition 4.4. Let F be a generic variable in
Proof. By (2.12) it is enough to show that F is a residual variable in
Without loss of generality we may assume that R is local with maximal ideal P and residue field k (= R/P ), and
, there is nothing to prove.
Let d = 1. Now since R is a one-dimensional noetherian local domain, by the Krull-Akizuki theorem ( [N] , p.115) it is easy to see that there exists a discrete valuation ring (C, π) [G] , and by the comaximality assumption of
[1] . Now the case d ≥ 2 follows by an easy induction argument.
Proposition 4.5. For an element F in R[X, Y ] \ R, the following statements are equivalent :
(
is either the unit ideal or has grade 2.
Proof. (i)⇒(ii). Suppose (i) holds. Then a routine verification shows that
Without loss of generality we may assume that [X, Y ] , and hence by the inertness condition it follows easily that F = uY for some u ∈ R * , i.e., F Y ∈ R * , and we are through. Thus we may assume that F X is a non-zero non-unit element of R [X, Y ] 
, and hence is a prime ideal of height one and therefore a principal prime ideal. Hence by (4.2), F Y / ∈ QK[X, Y ], and we are through. Now suppose that P = (0) and let a be a non-zero element of P . Since
. Hence P ∈ Ass R (R/aR), i.e., there exists b ∈ R \ aR such that bP ⊆ aR, and therefore
Now if F ∈ Q, then by the above relation it would follow that bF = aG for some 
Thus the proof will be complete if we prove the following claim.
Proof of the Claim.
To prove the claim it is enough to show that a i ∈ cR ∀i. We first show that the first derivative φ (F ) ∈ cR [X, Y ] . Now 
In particular c divides φ (n) (F ) and as Q → R, it shows that a n ∈ cR.
Let φ r (F ) = 0≤i≤n−r a i F i . By an easy inductive argument as above it follows that c divides a r , the leading coefficient of φ r for every r, 0 ≤ r ≤ n. Hence the result. We now prove the main result of this section. Moreover if DX and DY are comaximal in R[X, Y ] 
is an inert subring of R [X, Y ] , by (4.5), F X and F Y either form a sequence or are comaximal. Hence from the equation
we conclude that
Since D is irreducible it follows that u ∈ R * . Hence DX and DY either form a sequence or are comaximal (since F X and F Y have the same property).
(ii) ⇒ (i). 
and from condition (ii), it follows that
Hence by (4.3), it is easy to see that 
The sum of two locally nilpotent derivations need not be locally nilpotent. For instance, define
However we can make the following observation. Proof. The graded R-algebra structure of A has been deduced in (3.5). Also, by (4.10) M has an A-module structure and the kernel of any non-zero element of M is A. Now as in the proof of (3.3) there exist elements x, y ∈ R such that A x = R x Then ∆ F and ∆ G are two irreducible locally nilpotent derivations such that ker ∆ F =ker ∆ G , which we denote by A. Moreover, A x = R x [F ] and A y = R y [G] . Since P (n) = P n (see Example 3.8), it is easy to see that A = R [F, G] (the R-
subalgebra of R[U, V ] generated by F and G). Moreover, A = n≥0
A n , where A n
Since z∆ F = x∆ G , again using the fact P (n) = P n it is easy to see that the A-module M of all locally nilpotent A-derivations of R[U, V ] is generated by ∆ F and ∆ G .
Let I = [G] .
